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A SPATIAL OUTLIER DETECTION METHOD FOR BIG DATA
BASED ON ADJACENCY WEIGHTED RESIDUALSAND ITS
APPLICATION TO COVID-19 DATA

Abstract. Identification of spatial outlier is essential in revealing hidden
useful knowledge in different fields of dtatistical applications for big data. The
Score Satistic (SC;) has been used as a diagnostic tool for the identification of
spatial outliersin big data. Nonetheless, the SC; method suffers from masking and
swamping effects. In order to reduce the swamping effect, we propose two methods
denoted as typr and tgy. Thetypr and tgy, methods adopt location adjacency
to construct spatial weights, namely metric distance reciprocal (MDR) weight and
exponential weight (EW), respectively, to detect outliers in spatial autoregressive-
regressive model (SAR), spatial autoregressive error model (SEM) and general
gpatial autoregressive-regressve model (GSM). Difference between spatial
residuals are calibrated to incorporate adjacency effect into spatial outlier
residual. The results of the simulation study and real example show that the
performances of the three methods are equally good for SAR model. The t,pr and
tgy are comparable and both outperform the SC; for SEM and GSM models with
less swamping effects and less computational running times.

Keywords. Adjacency, Calibration, Masking, Spatial autoregressive,
Spatial outlier, Svamping.

JEL Classification : C01, C21, C55
1. Introduction

Outlier is an observation that deviates so much from other observations so as to
arouse suspicion that it was generated by a different mechanism (Hawkins, 1980).
Detecting outlier results in revealing hidden features that might not have been
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considered. The effect of outlier, if not detected and treated, is disastrous that it
renders classical statistical methods of estimators erroneous, thereby resulting in
invalid conclusions. In contrast to classical outliers, spatial outliers are location
related outliers. They are rather local than global in the sense of spatial position.
Kou and Lu (2008) stated that spatial outlier breaks the spatial autocorrelation and
continuity in the spatial location. Aggarwal (2013) defined spatial outliers as
objects which have behavioral attribute values that are distinct from those of their
surrounding spatial neighbors. Haining (2003) noted that attribute values can be
extreme depending on their position on the map. Such attributes are termed as
spatial outliers because their attribute values are extreme relative to the set of
values in their neighborhood on the map. i.e., it is possible for an attribute to be a
spatial outlier without necessarily being extreme in the distributional sense. Kou
and Lu (2008) noted that: "detecting spatial outliers can help in locating extreme
meteorological events such as tornadoes and hurricanes, identify aberrant genes or
tumor cells, discover highway traffic congestion points, pinpoint military targets in
satellite images, determine possible locations of oil reservoirs and detect water
pollution incidents".

There are handful methods of classical outlier detection in the literature.
However, spatial outliers are handled in a different way from the classical outliers
due to factors such as spatial autocorrelation and spatial dependence. Techniques
for detecting spatial outliers include both graphical and quantitative tests. The
graphical methods entail visualization of the spatial data in which violating certain
criteria prompt observations as outliers. Most common graphical techniques are the
Scatterplot (Anselin, 1994) and the Moran Scatterplot (Anselin, 1995) (see Kou
and Lu, 2008) for extensive discussion of graphical method of spatial outlier
detection). Anselin (1995) suggested a quantitative test for outlier detection based
on the global measure of autocorrelation and the Local Indicator of Spatial
Autocorrelation (LISA). He assumed that the null hypothesis that there is no spatial
autocorrelation and the sum of the LISA is proportional to the global spatial
autocorrelation. Based on this, a threshold value is established to decide on
declaring a spatial location as outlier. However, this method is prone to masking
and swamping effect due to the influence of neighbors with high/low attribute
values (Kou and Lu (2008)). Shekhar et al. (2002) proposed the S(x) spatial
statistic for quantitative test, where Statistic S(x) is the difference of the attribute
value of each data object x and the average attribute value of x's neighbors. Lu et
al. (2003) identified masking and swamping as weakness of Shekhar et al. (2002)
method, where inlying observations are declared as outliers while outliers are
suppressed by the aggregate neighborhood function. They proposed spatial outlier
detection techniques, namely the Iterative Z, Iterative R, and Median Z algorithms.
The Iterative-Z and the iterative-R detect spatial outliers through multiple
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iterations, and the median based method is a non-iterative algorithm but uses the
median instead of the mean to represent the average of a set of neighbors in the Z-
value method. However, the authors used a small data on the method and it’s not
measured for reliability. In a similar way, Liu et al. (2010) emphasized on the
problem of masking/swamping. They developed two random walk-based
approaches, namely the RW-BP (Random Walk on Bipartite Graph) and RW-EC
(Random Walk on Exhaustive Combination) based on the spatial and/or non-spatial
attributes of the spatial objects. Two weighted graphs, a BP (Bipartite graph) and
an EC (Exhaustive Combination) are used to compute the scores between the
spatial objects and outlyingness are ranked, and the top k objects are declared
outliers. However, no specific cutoff points were established to identify which
observations are the outliers. Singh and Latiha (2018) adopted local quotient (LQ)
to compare non-spatial attribute value of a spatial point with its corresponding
values in its spatial neighborhood via the ratio similar to location quotients. They
subsequently used the algorithms in Lu et al. (2003) to accomplish the detection of
outliers. Hadi and Imon (2018) proposed a measure of spatial distance that is
calculated for all n observations instead of n - 1. This measure uses the
observations in the left and right of a spatial observation to compute its value.
Despite the numerous mentioned advantages such as identification of cluster of
contiguous outliers, it lacks the capacity to trace multi-neighbor contiguity, which
gives room to both masking and swamping effect. Dai et al. (2016) derived a
statistic for the mean shift outlier model and variance weight model. Mean shift
model is described by extra parameters in the functional or stochastic model.
Though, the score statistic used in mean shift model (Dai et al (2016)) has good
performance in outlier detection in the spatial autoregressive-regressive model
(SAR), spatial autoregressive error model (SEM) and general spatial autoregression
model (GSM), it has high swamping effect when the coefficient of spatially lagged
parameter, p, and that of autoregressive error parameter, A, are high. Gaspard et al.
(2019) noted that residual spatial autocorrelation (which refers to the difference
between the observed and the predicted values in the model) indicates the amount
of spatial autocorrelation in the variance that are not explained by explanatory
variables. They reiterated the fact that failure to appropriately address residual
spatial autocorrelation will lead to problems such as underestimating standard
error, biased parameter estimates and model misspecification. Another weakness is
poor performance in time in the face of large data. These weaknesses motivated us
to develop a new method which we call the Adjacency Weighted Spatial Outlier
Residual.
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The rest of the paper is organized as follows. Section 2 presents the Score
Statistic (SC;) for the identification of spatial outlier. The proposed Adjacency
Weighted Spatial Outlier Residual is presented in Section 3. Section 4 discusses the
simulation study to evaluate and compare the performance of the proposed
methods and the Score Statistic. The application of the proposed methods to a
Covid-19 data is presented in Section 5. The concluding remarks are given in
Section 6.

2. The Score Statistic (SC;) for the identification of spatial outlier.

The general spatial autoregression model (GSM) has been employed in various
fields of statistical applications such as economics, geography, ecology, public
health etc. (Anselin (1988), Lesage (1999)).

The general spatial autogressive model is given by:
y=pWiy + XB+§, § =M, & +e,6~N(0,0%1y), @)

where y is an n X 1 vector of dependent variable. X is an n X k matrix of
explanatory variables. W; and W, are known n X n spatial weight matrices. I, is
an n X n identity matrix. ¢ is the spatially correlated error terms, € is the random
residual terms. The parameter p is a coefficient on the spatially lagged dependent
variable Wy and A is a coefficient on the spatially correlated errors. The estimation
of the parameters p, A, 62 and P are extensively discussed by Anselin (1988) and
Lesage (1999).

The general spatial autoregressive model (1) can be re-written as
Ay =Xp+¢, 2
which implies that
y =A"Y(XP + &), where,
E=B7lg, A=1I,-pW,, B=1I,-M,, E~N(0,02V™1), and V=BTB.

Different special spatial models can be obtained by imposing different restrictions
on Equation 1.

When X =0 and W, = 0, Equation 1 results in the first order spatial autoregressive
model (FAR) given as

y = pWyy + & e~N (0, 02I,). A3)

The model (3) expresses y as a linear combination of its neighbors.

90



A Spatial Outlier Detection Method for Big Data Based on Adjacency Weighted
Residuals and its Application to Covid-19 Data

The mixed regressive-autoregressive model consists of the first order spatial
autoregressive and the explanatory variables in X. This is expressed as

y=pWyy + XB +¢,e~N (0, 02I,). 4)

This model is referred as spatial autoregressive model (SAR). It is also termed as
mixed regressive - spatial autoregressive model because it combines both the
standard regression model with a spatially lagged dependent variable.

We notice when W, = 0, model (1) becomes the regression model with spatial
autocorrelated residuals. This is given by

y=XB+E =MW, §+ee~N(0, 0%1y) 6]
The model (5) is termed as the spatial autoregressive error model (SEM).

Shi and Chen (2009) adapted the studentized residual in the multiple linear
regression to the detection of spatial outlier settings. The adaptive residual is
denoted as t; and given as

o
G = ——, )
) /1 -zt
Vii
where, £* = —=, #; is the i" term of the matrix V¢, p;; is the it" diagonal element

of the matrix P = VX(XTVX)~'V and ;; is the i*" diagonal element of the matrix
V.

Dai et al. (2016) proposed a score statistic for mean shift outlier model and
variance weight model, where they introduced d;y in the GSM model. The d; and
y are the outlier indicator and its modelling parameter, respectively. The mean shift
model is expressed as

y=pWry + XB+diy +§,§ =M, & +e,e~N (0, 0%I,). 7
They derived a score statistic, SC;, which has asymptotic chi squared distribution.
SCi~x (21)-

t2

SC = —— ®)

b2
1= 7=
kV;i(1 = hip)

where, t;is as defined in Equation 6.
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b, is the it" element of vector b = Q#, withfj = W, A"1Xf,

Q=V—PA=1,—pW;,B=1I,— W, and f§ = (X"VX) X"V Ay.

G2(né%, — 46162615 + 282865,

5o A2n ATATA _ o A A _
K =0 +7 Q7 nlan - 262 , ¢ = trace(C;), C;j =
CALT Aj + él Aj, CA]_ = EWlA—IE—l, 62 = Wzé_l, h” = @

<

13
¥
L
KD;(1 = hy)
adaptive studentized residual regression in Equation 6 can be simplified as follows:

The SC; depends on t; in the numerator and in the denominator. The

t =
g |1-%
Yii
Ti
=, .
_ VVii Ak i
Ba.:0 - 5
6 [1-tu Vii
Vii
__ T
S ~.0
0/ Vii — Pii

where, t; is the i term of the of the matrix V£. Now,

Ve = V(Ay — XB),& = Ay — X

=V (Ay - x(XT9X) "' XTVAy),f = (X"0X) " X"V Ay
= (7 — PX(XTPX) 7' X7V )4y
= (7 - P)Ay, P = DX(XTVX)'XTV.
(

Therefore, t, =

where, p; and D; are the i*" rows of matrix P and V respectively, p;; and D;; are as
defined in Equation 6, and @; is the i*" row of matrix A.

The effect of the coefficients of spatial autoregressive and that of spatial
autocorrelation error term are discernible from the simplified ¢t;. Both numerator
and denominator of SC; (Equation 8) depend on &; the numerator through t; and
the denominator through k. Thus, the SC; score statistic (Dai et al, 2016) relies on
non-robust variance that is affected by extreme values. In the same vein, high
coefficient of spatially lagged dependent variable and residual term coupled with
high contamination result in high variance and vice-versa. In the context of spatial
statistics, directly adopting robust variance measures such as the median absolute
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deviation (Huber and Rochettic, 1981) does not capture the true variance due to
spatial dependence. We adopt a robust measure that takes into consideration the
spatial dependence as described in Section 3.2.

3. TheProposed Adjacency Weighted Spatial Outlier Residual

The main aim of this work is to produce spatial outlier residual that incorporate
the contiguity of spatial locations based on relative distance among the locations
and difference of residuals of the corresponding spatial locations in large data. It
also reasonably addresses the dominant masking and swamping effect in spatial
outlier detection techniques. Prior to the development of the proposed method, let
us first discuss two proposed weight functions to be incorporated in the proposed
method.

3.1 Proposed weights

Two weights functions, namely the metric distance reciprocal weight
(MDR) and the exponential weight (EW), are considered in this work to measure
the relative spatial positions of attributes. The distance decay weights are discussed
by Anselin and Rey (2014) as inverse distance weights. The weights are chosen to
improve on controlling the problem of masking and swamping. We employ the
geographically weighted (GW) concept of calibration to measure spatial adjacency
of a location relative to another. Harris et al. (2014) noted that the GW can be
extended to any statistical method. Most popular applications of the GW methods
are Brunsdon et al. (1996) and Fotheringham et al. (2002). Skov-Petersen (2001)
used a reciprocal like function and exponential function as distance decay to
measure environmental indicators. Similarly, Von Luxburg (2004) pointed out that

. . D . ay\ . S
if d is a dissimilarity measure, such as distance, then exp (— ?) is a similarity

. L1
function for some parameter t. In the same way is T2 for a scaled d. Also, Geurs

and Van (2004) used the exponential function as a cost function in estimating the
accessibility of opportunities at different locations with reference to a specific
location, in which more distance opportunities provide diminishing influences and
vice-versa.

3.1.1 Metric distancereciprocal weight (MDR)

In the metric distance reciprocal weight (MDR), two places that are far away would
have a small reciprocal value, and vice versa. Hence, multiplying the attribute
residual difference with the reciprocal of the metric distance contributes a
proportionate effect of the difference based on distance. We define the metric

93



Ali Mohammed Baba, Habshah Midi, Nur Haizum Abd Rahman

distance, ||Si - Sj”, as the Euclidean distance between the spatial locations S; and
S;. The metric distance is re-scaled such that

N

I = ey A ©)

Where, max(”Sl- - Sj”) is the largest distance between any two locations on the
spatial data. Hence the metric distance reciprocal weight is defined as

1

mdrij =
mj+1

In matrix form, define a matrix such that the entries are the reciprocal of
mdrij,i,j =1,2,-,n.
The metric distance reciprocal weight is given by,

|14 :{mdrij,i,j = 1,2,...,n} (10)
3.1.2 Exponential weight (EW)

The exponential weight (EW) is defined as the exponent of the negative metric
distance between pair of points. The exponential of negative metric distance decays
with distance, where metric distance is as defined in Equation 9. The exponential
weight is given by exp(—ml-j), where i,j = 1,2,..,n. In matrix form, the

exponential weights are given by Equation 11, with elements exp(—mi j).
W = {exp(—ml-]-), i,j=12,..,n} (11)
3.2 The Proposed Adjacency Weighted Spatial Outlier Residual

Let W be the weight matrix defined in either of the Equation 10 and 11, where W is
scaled so that each row elements sum up to unity. Let D be a matrix such that each

element, d;;, is the difference between the it" residual term and the j*"residual

term, ie. dijj =¢ —¢, i,j = 1,2,--,n. Let w; be the it" row of the weight
matrix, W, and d; be the i*" row of the residual difference matrix, D. Express w;
and d; as column vectors:

wi = Wi, Wi, Wiy )T dy = (dig,dig, . din)T
Then ¢; is projected such that

& 2 Eawsor = Wlei (12)
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It follows from the normal distribution that ife; ~ N(ug, 02), and d;; = & — ¢;,
hen dj; ~ N 2 ) where o7 =%y %0, It th
then qd;; ~ (,usi — Hej Jdij)’ where og,, == + o cov(si, sj). t then

follows that
Eawsor = Wdei ~ N(WiT.udi:WiTcov(di:dj)Wi)’ (13)

where, w! = [Wi, Wiz, =, Win], cov(di,dj) is the covariance of difference
between the i*" and the j'* residual difference. If i = j, then cov(d;, d;) =
var(d;) = aj,.

Let fig, = wi'd, and 64, = \/chov(ai,ai)wi.

The proposed adjacency weighted spatial outlier residual, €4,,50,, incorporates the
spatial features of the residual term, & into d, using the spatial weight w;, in line
with the first law of geography; “everything is related to every other thing but
closer things are more related than distant things” (Tobler, 1970). We use weights
defined in Equation 10 and 11 to construct &4, in Equation 13, which is
subsequently used to construct tg,,so-- We refer to tgys0r based on metric distance
reciprocal as ty;pr and based on exponential weight as tgy, .

The t; in Equation 6 is distributed as standard normal distribution. However, in the
Eawsor» both the fg, and G,4,are weighted. We replace €* in Equation 6 with a
robust residual measure that weights the residual difference of a location relative to
spatial distance of reference location, &4,5r, and & with adaptive spatial scale
measure, 6g,. The tgy50, statistic is given by

tawsor = ——awsor_ (14)

Ga1-hi
where, h;; = Pi P;; and D;; are as defined in Equation 6.
Dy

Since both 4, and 64, are weighted, the statistic tgy50r follows the student t -
disribution, tawsor ~ t(zn-2)-k-1, Where n is the number of observations and k is
the number of regressors in the model.

A spatial location S; is declared outlier if its corresponding t,,,s0 1S such that

tawsor > t(Zn—Z)—k—l .
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4. Simulation Study

In this section, we discuss a simulation study to assess the performance of our
proposed methods, namely the t,,,so based on metric distance reciprocal and
based on exponential weight, denoted as typr and tgy,, respectively. The two
proposed methods were compared to the existing score statistic of Dai et al. (2016),
denoted as SC;, The simulation formulation follows Dai et al. (2016) with
modifications to capture low and high coefficients of spatial autoregression and
larger sample sizes. The three models, specifically the SAR, SEM and GSM are
considered where , x; ~ N(0,1), ¢ ~ N(0,0.01), B, = 0 and 3, = 1.

As per Lesage (1999) and Dai et al. (2016), the weight matrix for all the models is
the same, i.e W; =W, = W. W is an n X n spatial contiguity matrix with entries
unity where locations are neighbours, and O otherwise. The queen's contiguity
matrix is obtained from the Pysal library of Rey and Anselin (2010). The row of W
is scaled to sum equals to 1.

Regular square grids of sizes 400, 900, 2500 and 10000 of spatial fields and 4%
and 10% contamination levels were considered. In each contamination level, say &,
expressed in percentage, the total contamination of size p = nd is obtained, where
n is the sample size. p random integers are generated and modulus, mod(n), of each
random integer is taken to avoid integers greater than the sample size, n. The new
set of generated integers are sorted in ascending order. Contamination are taken
with uniform distribution within the minimum and maximum values of generated y
in the SAR, SEM and GSM models.

In each of the model, divide the sorted random integers into two groups, with the
first group containing the 15¢ to (p/2)*" terms and the second group containing
the (p/2 + 1) to the pt" terms. Uniform random variables of size p/2, from 0 to
the maximum value of y, are assigned to the first group, and the other half are
assigned the uniform random variables from the minimum value of y to 0. As such,
all the values in the first half group are positive while that of the second half are all
negative. In this way, low values contamination are embedded among high spatial
data values and vice-versa. However, there is a possibility that some of the
contamination would be similar to the attribute of its neighborhood. The simulation
is repeated 10000 times for sample of sizes 400 and 900; 1000 times for sample of
size 2500 and 100 times for sample of size 10000.

The coefficients of spatially lagged dependent variable, p, and that of the
coefficient on the spatially correlated errors, A, that are used for simulation of the
four models are as follow:
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In the mixed regressive-spatial autoregressive model (SAR) (model (4),
p= 0.5, 09.

In spatial autoregressive error model (SEM) (model (5)), A = 0.5, 0.7.

In the general spatial general model (GSM) (model (1)), p = 0.3, A = 0.5, and
p = 0.9, 1= 0.7. Python programming language, version 3.7.6 with IDE Spyder
4.1.3 is used for the analysis of the simulated and real dataset.

The performances of the three methods are evaluated based on the percentage of
correct detection of spatial outliers and percentage of swamping effect. A good
method is the one that has the highest percentage of correct detection of outliers
and smaller percentage of swamping. Swamping refers to inliers incorrectly
declared as outliers. The results of the study are exhibited in Tables (1-3) and
Figure 1.

SAR model: Let us first focus our attention to Table 1, for SAR model. The
results in Table 1 show that the three methods are equally good in terms of having
closed values of percentage of correct detection of spatial outliers and swamping
effect irrespective of p values, percentage of contaminations and sample size,
except at p = 0.5, 4% contamination, where the SC; has slightly lower value of
swamping effect compared to the typr and tgy,. It can also be observed that the
percentage of correct detection of outliers for the three methods is higher at 4%
contamination levels than at 10%, irrespective of p values and sample size.

Table 1. Percentage of Correct Detection of outliersand swamping, SAR
model

Correct Detection (%) Swamping (%)

p %cont | n typr tew SC; typr tew SC;

0.5 4% 400 7430 | 7427 7491 |0.89 0.95 0.77

900 7330 | 73.88 |74.02 | 0.35 0.40 0.22

2500 7436 | 73.54 | 74.83 | 0.11 0.16 0.05

10000 | 73.24 | 72.06 | 73.56 | 0.00 0.22 0.00

10% 400 57.63 | 58.28 |58.97 |0.05 0.02 0.04

900 58.15 | 58.58 ]59.38 |0.02 0.02 0.01

2500 58.70 | 5839 ]59.69 |0.00 0.03 0.00

10000 | 59.58 |59.23 |60.20 | 0.00 0.00 0.00

0.9 4% 400 7238 | 72.68 |72.82 |13.52 | 13.76 | 13.52

900 72.55 | 72.66 |72.92 | 8.89 9.29 8.70

2500 7328 | 72.61 | 7342 |6.34 6.48 6.12

10000 | 71.60 | 7391 | 7391 |4.67 4.37 4.37
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10% 400 56.21 | 5636 | 56.58 |2.86 3.10 3.04

900 55.81 | 56.14 |5538 |244 2.56 2.45

2500 56.64 |56.50 |57.01 |1.74 1.89 1.73

10000 | 57.00 | 56.27 |57.33 248 1.55 241

SEM model: We will now discuss the results of SEM model presented in Table 2.
Similar to SAR model, the three methods have reasonably close values of
percentage of correct detection of outliers. The percentage of correct detection of
outliers for the three methods is higher at 4% contamination levels than at 10%,
irrespective of A values and sample size. It is interesting to note that there is no
swamping effect for both typp and tgy, methods. Nonetheless, the SC; shows
swamping problem where lowest swamping is seen at A= 0.5 with 10%
contamination, followed by at A = 0.7 with 10% contamination, at A = 0.5 with 4
% contamination and the highest being at A = 0.7 with 4% contamination. The
results seem to suggest that typr and tpy, methods are comparable, and they
outperform the SC;.

Table 2. Percentage of Correct Detection of outliersand swamping, SEM
model

Correct Detection (%) Swamping (%)

A %cont | n tMDR tew SC; tMDR tew SC;

0.5 4% 400 76.63 | 75.63 | 7542 | 0.00 0.00 |9.54
900 74.10 | 7545 |74.20 | 0.00 0.00 |6.71
2500 7538 17497 |74.83 | 0.00 0.00 | 446
10000 | 75.26 | 75.94 | 74.66 | 0.00 0.00 |473
10% 400 59.85 16048 |58.57 |0.00 0.00 1.14
900 59.88 | 60.14 | 58.28 | 0.00 0.00 ]0.88
2500 61.09 |60.81 |59.07 |0.00 0.00 |0.55
10000 | 60.68 | 61.43 |59.45 | 0.00 0.00 ]0.56

0.7 4% 400 76.60 | 74.19 | 75.12 | 0.00 0.00 |25.92
900 74.16 | 75.83 | 74.78 | 0.00 0.00 19.71
2500 7486 | 7441 |74.08 | 0.00 0.00 17.29
10000 | 74.80 | 74.53 | 74.53 | 0.00 0.00 17.76
10% 400 59.62 | 59.41 |58.82 |0.00 0.00 | 6.03
900 60.61 | 60.80 | 59.38 | 0.00 0.00 5.18
2500 61.05 |60.97 ]59.19 |0.00 0.00 |4.67
10000 | 60.91 | 60.50 |59.27 |0.00 0.00 444

GSM model: Finally, we discuss the results obtained from GSM model exhibited
in Table 3. Several interesting points emerge from these results. It can be seen that
the percentage of correct detection of outliers are reasonably closed for the three
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methods at p = 0.3,1 = 0.5 irrespective of the percentage of contamination and
size of samples. However, the performance of SC; is not encouraging since it has
swamping problems. On the other hand, both typr and tgy, shows no swamping
problems. Atp = 0.9,4 = 0.7, the SC; is slightly better than ty;pp and tgy in
terms of having slightly higher percentage of correct detection of outliers.
Nonetheless, its performance still inferior than both methods evidenced by having
large percentage of swamping especially at 4% contamination, p = 0.9,4 = 0.7.
The typr and tgy are comparable with respect to the values of percentage of
correct detection of outliers and percentage of swamping.

We further investigated the performances of our proposed methods, typr and tgy,
by computing their execution times and compared with the SC;. Due to space
limitation, we only report the execution time, in seconds, of the three methods as
sample size, n, increases for the GSM model (see Figure 1). However, the results
for SEM and SAR models are consistent. It is very interesting to observe from
Figure 1 that the execution time for typp and tgy, are indistinguishable and much
shorter than that of the SC;. The execution time of SC; increases drastically as
sample size increases.

Table3. Percentage of Correct Detection of outliersand swamping, GSM
model

Accurate Detection (%) Swamping (%)

P, A %cont n tMDR tEW SCl tMDR tEW SCl
0.3, 4% 400 7531 [ 74.59 | 7532 10.00 0.00 22.45
0.5 900 73.28 | 75.21 74.89 10.00 0.00 17.14

2500 7531 | 74.85 | 75.75 10.00 0.00 13.09

10000 | 75.01 [ 7498 |75.62 |0.00 0.00 15.00

10% 400 59.50 [59.04 |60.10 |0.00 0.00 5.16

900 60.00 | 59.06 |59.98 | 0.00 0.00 4.16

2500 60.58 |60.49 |60.59 | 0.00 0.00 3.45

10000 | 60.28 | 60.31 |60.42 | 0.00 0.00 4.05

0.9, 4% 400 73.14 7298 |76.53 |1298 |12.29 |51.92

0.7 900 7347 | 73.18 | 76.74 | 8.63 7.55 48.29

2500 72.65 | 72.87 |76.18 | 6.41 6.69 47.26

10000 | 7233 | 72.75 |76.25 |7.19 6.56 47.93

10% 400 56.85 | 56.10 6243 |2.67 2.64 29.83

900 56.76 | 5592 |62.04 |2.50 2.53 28.25

2500 57.14 |56.89 |63.10 |2.15 2.36 27.31

10000 | 56.72 | 56.22 |61.88 | 1.80 2.12 27.96
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Figure 1. GSM Execution timein seconds.
5. TheUS counties COVID-19 Data

The available COVID-19 data for 2841 of 3142 counties in the United States are
used to illustrate the performances of our typgr, tgw, and SC; in real life
applications. =~ The data are obtained from the Kaggle website
(https://www.kaggle.com/johnjdavisiv/us-counties-covid 19-weather-sociohealth-

data). The dependent variable is the total number of cases in each of the counties as
at 4/12/2020. The independent variables are population density (pd), percentage of
female population (female), life expectancy (le), percentage fair/poor health (fph),
percentage of adult with obesity (obesity), percentage of population in rural area
(rural), percentage of smokers (smokers), percentage of physical inactivity
(inactivity), exercise opportunity (eo), percentage of people that are 65 years and
above (ab65), percentage Black race (black), percentage Asians (asians), and
percentage population that are Hawaiians (hawaiians). The result of Moran's I
spatial autocorrelation test on the dependent variable and the residual are
significant (p-value <<0.01). Therefore, there is spatial autocorrelation in the data.
In other words, there are clusters of cases. The data were then applied to the SAR,
SEM and GSM models. The findings show that the data best fitted to the SEM
model evident by having the smallest value of AIC (57437) and highest value of R?
(0.8901). Subsequently, we apply the typr, tgw, and SC; methods to the data
fitted with SEM model in order to identify spatial outliers. It is very interesting to
note that the t,pr and tgy, can identify eighty-six counties as outliers. On the
other hand, the SC; identifies eighty-nine counties as outliers. The extra three
counties detected by SC;as outliers can be treated as swamping effect. It’s worth
noting that, in the simulation results of SEM model with small coefficient of
residual autocorrelation (A = 0.4), for sample size of 2500 (closer to the sample size
of 2841for this data set), all the three methods able to correctly detect almost the
same percentage of spatial outliers with no swamping effects for typr and
tgw, but SC; shows certain percentage of swamping. These results are consistent
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with the results obtained from the simulation study where for (A = 0.4, n=2500), the
SC; suffers from the swamping effect.
Conclusions
In this article, we propose a technique that uses metric distance reciprocal weight
(MDR) and exponential weight (EW), to detect spatial outliers in large data sets.
The technique calibrates the difference between residual of a spatial location and
the residuals of other locations, according to relative distance, to construct spatially
weighted residuals. The results of simulation study and real data set signify that the
percentage of correct detection of outliers and percentage of swamping for typr ,
tgw and SC; are fairly closed to each other for SAR model. For SEM model, the
typr and tgy are comparable and both outperform the SC; in the detection of
spatial outliers without any swamping effects. Moreover, our proposed typr and
tyyw methods also have better performance compared to SC; for GSM model where
the swamping effects for both methods are much lower than the SC; method.
Furthermore, both typr and tgy, methods are very appealing because their
computational running time are much faster than the SC; method.
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